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Abstract. We study Jacobi structures on the dual bundle A* to a vector bundle A such that the Jacobi bracket 
of linear functions is again linear and the Jacobi bracket of a linear function and the constant function 1 is a basic 
function. We prove that a Lie algebroid structure on A and a 1-cocycle (f> G r{A*) induce a Jacobi structure on 
A* satisfying the above conditions. Moreover, we show that this correspondence is a bijection. Finally, we discuss 
some examples and applications. 

Quelques structures de Jacobi lineaires sur des fibres vectoriels 

Resume. On etudie des structures de Jacobi sur Ic fibre dual A* d'un fibre vectoriel A tels que le crochet de 
Jacobi de fonctions lineaires est a nouveau lineaire et le crochet de Jacobi d'une fonction lineaire et la fonction 
constante 1 est une fonction basique. On demontre qu'une structure d'algebroi'de de Lie sur A et un 1-cocycle 
(/> G r(A*) induisent une structure de Jacobi sur A* qui verifie les conditions anterieures. On voit aussi que cette 
correspondance est une bijection. On montre finalement quelques exemples et applications. 

Version frangaise abregee 

Soit M une variete difTerentiable et tt : v4 ^ M un fibre vectoriel sur AI. 

Un cocycle pour une structure d'algebroi'de de Lie sur n : A M est une section cf) du fibre 
dual TV* : A* ^ M tel que ^71 = p(a')('/'(^)) - p{v)i4'{f^)), POur tout fi,T] e r(^), oii |, ] est 
le crochet de Lie sur I'espace r{A) des sections de ir : A ^ M et p : A —> TM est I'application 
ancre (voir On denote done par A I'ensemble des paires ((|, ], p), (/)), oii (|, est une 

structure d'algebroi'de de Lie sur tt : ^ — > M et (/) G r(^*) un 1-cocycle. D'ailleurs, on denote 
par J I'ensemble des structures de Jacobi (A, i?) sur A*, lesquelles satisfont les deux conditions 
suivantes: 

(CI) Le crochet de Jacobi de deux fonctions lineaires est lineaire. 

(C2) Le crochet de Jacobi d'une fonction lineaire et la fonction constante 1 est une fonction basique. 

On demontre done, dans cette note, qu'il y a une correspondance bijective : A ^ J entre 
les ensembles A et J. L'application 5* est defini par 5'((|,],p),0) = {■^^{A'^,4))^E^A^,4>)) a-'vec 

oil Ka* est le bi-vecteur de Poisson sur A* induit par la structure d'algebro'ide de Lie (|, ], p) (voir 
1^, ^), A est le champ de Liouville sur A* et (jf est le relevement vertical de 0. Observons que les 
paires dans A de la forme ((|,],p),0) correspondent, a travers VE", aux structures de Poisson dans 
J . Ainsi, comme consequence, on deduit un resultat demontre dans ^, |^. 

Les conditions (CI) et (C2) etablies ci-dessus sont naturelles. En fait, on demontre que celles-ci 
sont verifiees pour quelques structures de Jacobi, bien connues et importantes, definies sur I'espace 
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total de quelques fibres vectoriels. En meme temps, la correspondance 5" nous permet d'obtenir de 
nouveaux et interessants exemples de structures de Jacobi. On voit finalement, comme une autre 
application, qu'une structure d'algebroide de Lie sur un fibre vectoriel A — > M et un 1-cocycle 
4> G r{A*) induisent une structure d'algebroide de Lie sur le fibre vectoriel A x M. ^ M x IR. 



1 Jacobi manifolds and Lie algebroids 

Let M be a difFerentiable manifold of dimension n. We will denote by C°° {M, IR) the algebra of 
C°° real- valued functions on M, by 0^(M) the space of 1-forms, by X(M) the Lie algebra of vector 
fields and by [,] the Lie bracket of vector fields. 

A Jacobi structure on M is a pair (A, E), where A is a 2-vector and E is a. vector field on AI 
satisfying the following properties: 

[A,A]sN = 2EAA, [E,A]sN = 0. (1) 

Here [ , Jsat denotes the Schouten-Nijenhuis bracket (||^, 0). The manifold M endowed with a 
Jacobi structure is called a Jacobi manifold. A bracket of functions (the Jacobi bracket) is defined 
by {/, g} = A(d/, dg) + fEig) - gE{f), for all /, g G C-(M, JR). Note that 

{/" fh} = HL h} + h{f, g} - gh{f, 1}. (2) 

In fact, the space C°° {M, IR) endowed with the Jacobi bracket is a local Lie algebra in the sense 
of Kirillov (see ||]). Conversely, a structure of local Lie algebra on C'°°{M,]R) defines a Jacobi 
structure on M (see ^, If the vector field E identically vanishes then (-M, A) is a Poisson 
manifold. Jacobi and Poisson manifolds were introduced by Lichncrowicz (jl^, |l^) (see also [0, |[ 

A Lie algebroid structure on a differentiable vector bundle tt : ^ — > M is a pair that consists 
of a Lie algebra structure |,] on the space r(A) of the global cross sections of tt : A — > M and a 
homomorphism of vector bundles p : A TAI, the anchor map, such that if we also denote by 
p : T{A) X(M) the homomorphism of C°°{AI, JR)-modulcs induced by the anchor map then: (i) 
p : {T{A), 1,1) ^ (X(M), [,]) is_a Lie algebra homomorphism and (ii) for all / G C°°{M,1R) and 
for all M, ,7 G TiA), one has [m, h] = />, ^71 + (pMifDv (see ||). 

If {A, I, ], p) is a Lie algebroid over M, one can introduce the Lie algebroid cohomology complex 
with trivial coefficients (for the explicit definition of this complex we remit to [|l3|). The space of 
1-cochains is r{A*), where A* is the dual bundle to A, and a 1-cochain (j> G r{A*) is a 1-cocycle if 
and only if 

0Im,77] = Pil^mv)) - Pivm^)), for all ^^,77 G T{A). (3) 
A Jacobi manifold {AI,A,E) has an associated Lie algebroid {T*M x IR, |, ](a,_b)j #(A,£;)), where 
T*M is the cotangent bundle of M and |,](a,£;), #(a,_b) are defined by 

[(a, /), iP, 5)1(A,£;) = (/^#A(a)/5 - -C#a(/3)" - d{A{a, §)) +JCeP - gCsa - 1^(0; A 
A(/3, a) + #A(a)(.g) - #a(/9)(/) + fE{g) - gEif)), 

#(A,B)(a,/) = #A{a) + fE, 

for (a,/), (/3,.g) G n^{M) x C°°{M,]R), C being the Lie derivative operator and #a : VL^{M) -> 
X(M) the mapping given by P{#A{ctj) — A{a,(3) (see 

In the particular case when {M, A) is a Poisson manifold we recover, by projection, the Lie 
algebroid {T*M, |, ]a, #a), where |,]a is the bracket of 1-forms defined by (see [Q, |, |lj|): 

[,]a : n'iM) X n'iM) ^ n\M), |«,/31a = C#^ia)P - ^#a(;3)« - d(A(a,/3)). 



2 



2 Some linear Jacobi structures on vector bundles 

Let TT : A ^ M he a, vector bundle and A* the dual bundle to A. Suppose that tt* : A* ^ M is 
the canonical projection. If /i e Y{A) and / £ C°^{M,IR) then /i determines a linear function on 
A* which we will denote by /i and / = / o vr* is a C°° real-valued function on A* which is basic. 

Now, assume that (A, |, ], p) is a Lie algebroid over M. Then A* admits a Poisson structure Aa- 
such that the Poisson bracket of linear functions is again linear (see |§, |^)- The local expression 
of A^. is given as follows. Let U be an open coordinate neighbourhood of M with coordinates 
{x^, . . . and {ei}i=i^....„ a local basis of sections oi tt : A ^ M in U. Then, {Tr*)~^(U) is an 
open coordinate neighbourhood of A* with coordinates {x^,^j) such that /ij — Cj, for all j. In 
these coordinates the structure functions and the components of the anchor map are 

n m Q 

fe=i 1=1 
with cj"^ , p- G C°°{U,IR), and the Poisson structure A^. is given by 

Next, we will show an extension of the above results for the Jacobi case. 

We will denote by A the Liouville vector field of A* and by 0" £ X{A*) the vertical lift of 

n 

(/) € T{A*). Note that if are fibred coordinates on A* as above and (p — ^^0^6*, with 

1=1 

£ C°^{U,IR) and {e*} the dual basis of {e^}, then 

Thus, using d), (I), (|, (|) and (0), we deduce 

Theorem 1 Let {A, |, be a Lie algebroid over M and 4> G r(^*) a 1-cocycle. Then, there is 
a unique Jacobi structure (A^^i. 0), 0)) on A* with Jacobi bracket { , satisfying 

= {A*,/°7r*}(A-,0) = + </'(m)/) {/o7r*,5O7r*}(^.^0) = 0, 

/or /x,77 £ r(^) /,5 G C°°{M,1R). The Jacobi structure is given by 

Now, we will prove a converse of Theorem |^. 

Theorem 2 Let t: : A M be a vector bundle over M and let (A, E) be a Jacobi structure on 
the dual bundle A* satisfying: 

(CI) The Jacobi bracket of linear functions is again linear. 

(C2) The Jacobi bracket of a linear function and the constant function 1 is a basic function. 

Then, there is a Lie algebroid structure on n : A ^ M and a 1-cocycle (j) £ T{A*) such that 
A = \a\4,) and E = E(^a-,^)- 
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Proof: Denote by { , } the Jacobi bracket on A* induced by the Jacobi structure (A, E) and suppose 
that n,ri e T{A) and that /, 5 € C°°(M, JR). If tt* : A* — > M is the canonical projection, the 

function {(/ o 7r*)/i, 1} = {//i, 1} is basic. Thus, from (||) and (C2), we have that 

{/o7r*,l}-0. (8) 

On the other hand, the function {/i, (/ o Tr*)fj} = {p., fr]} is hnear. Therefore, from (||), (CI) and 
( C2), we obtain that the function {//, f on*} is basic. Consequently, the Jacobi bracket of a linear 
function and a basic function is a basic function. In particular, {/ o tt*, (g o 7r*)/i} = {/ o tt*, gfi} 
is basic. This implies that (see (||) and (H)) 

{/O7r*,.go7r*} = 0. (9) 

Now, we define the section 77] of the vector bundle tt : A ^ M and the C°° real- valued functions 
on M, (t>{^) and p{ii){f), which are characterized by the following relations 

[m,?71 = {A,??}, = {/i, 1}, p(^)(/) ovr* {/i,/o7r*} - (/o7r*){/i, 1}. (10) 

From (||), (H), (^) and ([ic|), we deduce that (/) can be considered as a C°°(Af, iR)-linear map 
: r{A) C°°{M,]R) (that is, G r(A*)) and that p can be considered as a C°° (M, JR)-linear 
map /o : T{A) X{M). Moreover, using (^, (||), (Q and the fact that { , } is the Jacobi bracket 
of a Jacobi structure (see Section |l|), it follows that the triple {A, |, is a Lie algebroid over 
M and that G T{A*) is a 1-cocycle. Finally, by (|9|), (Q and Theorem |^, we conclude that 
{A,E) ^ {A(^A'.4>),EiA'.4>))- iQEDl 

Remark 1 That condition (CI) does not necessarily imply condition (C2) is illustrated by the 
following simple example. Let M be a single point and A* — IR^ endowed with the Jacobi structure 
{A,E), where A = xy-^ A and E — x-^. It is easy to prove that the Jacobi bracket satisfies 
(CI) but not (C2). 

Let M be a differentiable manifold and tt : A M a, vector bundle. Denote by A and J' the 
following sets. A is the set of the pairs ((|, ], p), (/)), where (|, is a Lie algebroid structure on 
TT : A ^ M and (p £ r{A*) is a 1-cocycle. is the set of the Jacobi structures (A, E) on A* which 
satisfy the conditions (CI) and (C2) (see Theorem H). 

Then, using Theorems 

and I, we obtain 
Theorem 3 The mapping : A ^ between the sets A and J given by 

*((|,l,p),0) = (A(^.^^),£;(^.,^)) 

is a bijection. 

Note that 'i'{A) — V, where V is the subset of the Jacobi structures of J' which are Poisson and 
A is the subset of A of the pairs of the form ((|, ], p), 0), that is, A is the set of the Lie algebroid 
structures on tt : A — > M. Therefore, from Theorem ^, we deduce a well known result (see ||): 
the mapping \I' induces a bijection between the sets A and V. 

3 Examples and applications 

In this section we will present some examples and applications of the results obtained in Section ^ 
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1. - Let (0, [ , ]) be a real Lie algebra of dimension n. Then, g is a Lie algebroid over a point. 
The resultant Poisson structure Ag» on 2* is the well known Lie-Poisson structure (see (^). Thus, 
if (/) € 0* is a 1-cocycle then, using Theorem |l|, we deduce that the pair (A(g. 0), is a Jacobi 
structure on g*, where 

A(b-,0) ~ Ag. + i? A C^, ^^(b',^) = ~C^, 
R is the radial vector field on g* and is the constant vector field on g* induced by (/> e g*. 

2. - Let {TM, [,],Id) be the trivial Lie algebroid. In this case, the Poisson structure At*m on 
T*M is the canonical symplectic structure. Therefore, if is a closed 1-form on M , then the pair 

A(T'M,^) = At-M + a a E(^T'M.4>) = 

is a Jacobi structure on T*M. Furthermore, we can prove that the map #A(r*jj '■ i^^{T*M) — > 
X{T*M) is an isomorphism and consequently, using the results of ^ (see also [^), it follows 
that (A(T*j\,f,0); E(^x*M,4>)) is a locally conformal symplectic structure. 

3. - Let (Af, A) be a Poisson manifold and {T*M, |, ]a,#a) the associated cotangent Lie alge- 
broid (see Section |l|). The induced Poisson structure on TM is the complete lift A"^ to TAI of 
A (see Q). Thus, if X G X(Af) = r(rAf) is a 1-cocycle, that is, X is a Poisson infinitesimal 
automorphism {Cx^ ~ 0), we deduce that 

A(TAf,x) = A^ + A A X", E(^TM,x) — —X^, 
is a Jacobi structure on TM. 

4. - The triple {TM x JR, [ , ], tt) is a Lie algebroid over Af, where tt : TAf x JR ^ TAf is the 
canonical projection over the first factor and [ , ] is the bracket given by 

[{X, /), {Y, g)] = {[X, Y],X{g) - Y{f)), for (X, /), (F, g) E X(Af ) x C°°(Af, JR). (11) 

In this case, the Poisson structure ^^'MxIR T*M x JR is just the canonical cosymplectic 
structure of T*M x JR, that is, Af,My.IR ~ ^t*m- Now, it is easy to prove that (f> = (0, —1) G 
n^{M) X C°^{M,R) = r{T*M X JR) is a 1-cocycle (see (|) and (|ll|)). Moreover, using Theorem 
|l|, we have that the Jacobi structure {■^(^t-'MxIR (p)' ^(t* mxTR 41)) '-'^ T*M x JR is the one defined 
by the canonical contact 1-form rjM- We recall that rjM is the 1-form on T*M x JR given by 
rjM — dt + Am, Aj\/ being the Liouville 1-form of T*Af (see [p^). 

5. - Let (Af, A, E') be a Jacobi manifold and {T*M x JR, |, |(a.£;), #(a,_e)) the associated Lie 
algebroid (see Section |l]). From (0), (|) and (|), it follows that 4> = (-i;, 0) G 3e(Af ) x C°°(Af, JR) = 
r(TAf X JR) is a 1-cocycle. On the other hand, a long computation, using (^, (^), (Q) and Theorem 
|l|, shows that 

A(TMxJR,,) = A' + I ^ - + I ^ ' ^(TMxJR,,) = E\ 

where A^ (resp. A") is the complete (resp. vertical) lift to TM of A and E'^ (resp. E^) is the 
complete (resp. vertical) lift to TAf of E. We remark that in ||] the authors characterize the 
conformal infinitesimal automorphisms of (Af, A, E) as Legendre-Lagrangian submanifolds of the 
Jacobi manifold (TAf x JR, ^TMxJR.^pr ^{tmxIR,^,))- 

6. - Let (A, I, ], p) be a Lie algebroid over Af and (j) G r{A*) a 1-cocycle. Denote by A^. ^ jfj the 
Poissonization of the Jacobi structure i\A*,<p)j E{A-',(p)), that is, A^.^jjj is the Poisson structure 
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onA*=A*xR given by (see |, |TT|) 

VxJR - e-*(A(^.,^) + ^ A£;(^.,^)). (12) 

A* is the total space of a vector bundle over M x IR and, from (p^, we obtain that the Poisson 
bracket of two linear functions on A* is again linear. This implies that the dual vector bundle 
A = AxIR—^Mx]R admits a Lie algebroid structure (|, J~, p). Note that the space T{A) can be 
identified with the set of time-dependent sections of A ^ M. Under this identification, we deduce 
that (see and (|l|)) 

[A, r)r= e-* (lA, ry] + 0(A)(f - r}) - HvK^ " A)) , p(A) = e"* (p(/l) + </)(A)|) , 

for all fl,'fi £ r(yl), where — (resp. — ) is the derivative of fl (resp. fj) with respect to the time. 

dt at ^ ^ ^ 

Note that if i G 2R then the sections p, and rj induce, in a natural way, two sections fit and fjt of 

A — > M and that ?/] is the time-dependent section of ^ — > AI given by 77](a;, t) = 7yt](x), 

for ah {x, t) e M xR. 

The construction of the Lie algebroid (A, |, ]f, p) from the Lie algebroid {A, |, ] , p) and the cocycle 
(j) plays an important role in . 
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